The Kitaev model is an exactly-soluble quantum spin model, whose ground state provides a canonical example of a quantum spin liquid. Spin excitations from the ground state are fractionalized into emergent matter fermions and Z 2 fluxes. The Z 2 flux excitation is pointlike in two dimensions, while it comprises a closed loop in three dimensions because of the local constraint for each closed volume. In addition, the fluxes obey global constraints involving (semi)macroscopic number of fluxes. We here investigate such global constraints in the Kitaev model on a three-dimensional lattice composed of nine-site elementary loops, dubbed the hypernonagon lattice, whose ground state is a chiral spin liquid. We consider two different anisotropic limits of the hypernonagon Kitaev model where the low-energy effective models are described solely by the Z 2 fluxes. We show that there are two kinds of global constraints in the model defined on a three-dimensional torus, namely, surface and volume constraints: the surface constraint is imposed on the even-odd parity of the total number of fluxes threading a two-dimensional slice of the system, while the volume constraint is for the even-odd parity of the number of the fluxes through specific plaquettes whose total number is proportional to the system volume. In the two anisotropic limits, therefore, the elementary excitation of Z 2 fluxes occurs in a pair of closed loops so as to satisfy both two global constraints as well as the local constraints.
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Introduction
The Kitaev model is an exactly-soluble quantum spin model despite the severe frustration [1] . Since the ground state was rigorously proven to be a quantum spin liquid, this model has been extensively studied in this decade, not only on a honeycomb lattice in the original proposal [1] but also on many tricoordinate lattices in both two and three dimensions [2, 3, 4, 5, 6] . In the ground state, the quantum spins are fractionalized into two types of emergent quasiparticles, matter fermions and Z 2 fluxes [1] . The Z 2 flux is a static conserved quantity defined for each elementary loop of the lattice. Thus, the eigenstates are classified into the sectors with different configurations of the Z 2 fluxes. For example, the ground state of the honeycomb Kitaev model is obtained in the zero-flux sector where all the fluxes are +1 [1] . In an anisotropic limit of the exchange interactions, the matter fermion excitation is gapped away, and the low-energy effective Hamiltonian is described solely by the Z 2 fluxes [7] .
The Z 2 flux excitation is local and pointlike in the two-dimensional Kitaev models, whereas it forms a closed loop in three dimensions [4, 6, 8] . This is due to the local constraints arising from the algebra of Pauli matrices on any closed volume in the lattice. In addition, there are some global constraints on the Z 2 fluxes. For instance, in the anisotropic limit of the hyperhoneycomb lattice, two different types of the global constraints were discussed: surface and volume constraints [9] . Thus, the elementary excitation of the Z 2 fluxes in the three-dimensional systems may acquire peculiar nature because of both the local and global constraints. Indeed, in the anisotropic hyperhoneycomb case, the lowest-energy excitation is a pair of smallest loops [9] .
In this paper, we examine the constraints on the Z 2 fluxes in the Kitaev model defined on another three-dimensional lattice, which we call the hypernonagon lattice (also known as (9,3)a in the classification of Wells [10, 6] ). The hypernonagon lattice is composed of nine-site elementary loops (Fig. 1) . Odd-number loops accommodate the Z 2 fluxes that are odd under both time reversal and parity (spatial inversion) transformations, and in fact, the ground state of the model is a chiral spin liquid with spontaneous breaking of both time reversal and spatial inversion symmetries [1] . In our resent study [11] , we derived the low-energy effective models in two different anisotropic limits of the hypernonagon Kitaev model, and investigated the finite-temperature phase transition to the chiral spin liquid by using the classical Monte Carlo simulation. In the simulation, the Monte Carlo updates were performed by a simultaneous flip of a pair of closed loops, not to violate both the local and global loops. We here discuss the details of the global constraints that were not presented in the previous study.
Kitaev model and local constraint
The Hamiltonian of the Kitaev model on the hypernonagon lattice is given
where σ µ i is the µ component of the Pauli matrices representing a S = 1/2 spin at site i. The sum of i, j µ runs over the nearest-neighbor sites on all µ bonds of the hypernonagon lattice [see Fig. 1(a) ], and J µ is the coupling constant for each type of bonds. We consider the periodic boundary condition hereafter.
In the hypernonagon lattice, the unit cell includes eight elementary ninesite loops, which are represented by the eight corners of the bluish (B) cube in Fig. 1(b) . Each nine-site loop accommodates a local conserved quantity, W p .
Following Refs. [6, 11] , we define W p by a product of bond operators σ 
Surface constraint
Next, we consider a global constraint on W p imposed on a two-dimensional slice of the three-dimensional hypernonagon lattice. This is called the surface constraint. Figure 2 (a) shows an example of such surfaces, S, spanned by a 1 and a 2 . It is noteworthy that this surface S corresponds to an a 1 -a 2 plane in the cubic lattice representation in Fig. 1(c) . As shown in Fig. 2(b) , the building block of S is a set of four W p : W 1 , W 6 , W 7 , and W 8 in each unit cell [see 
This identity is applied to any surfaces spanned by a 1 and a 2 , and also to those spanned by a 1 and a 2 or by a 3 and a 1 . We note that similar arguments were done for the hyperhoneycomb case in Ref.
[9].
Volume constraint
Finally, we consider another global "volume" constraint associated with a macroscopic number of fluxes. This appears only in the limit of anisotropic interactions. In the hypernonagon case in Eq. (1), the limits of J z J x , J y and J x J y , J z give different low-energy effective Hamiltonians (the limit of J y J z , J x is equivalent to the latter from the symmetry) [11] . The effective
Hamiltonians in the large-J z and large-J x limits were derived by the perturbation theory as
b p is the projection of W p to the low-energy sector, which is a Z 2 variable taking ±1. The sums of p, p and (p, p ) run over particular bonds on the cubic lattice, while the sum of p 1 , p 2 , p 3 , p 4 runs over particular sets of four b p (see Ref. [11] for the details). For the large J µ limit (µ = z, x), we consider a "contracted" lattice where each µ bond is contracted to a site located at the center of the 
Although the choice of V is not unique, it is enough to consider a particular one, as discussed in the hyperhoneycomb case [9].
Summary
We have discussed the constraints on Z 2 fluxes in two distinct anisotropic limits of the hypernonagon Kitaev model whose ground state was demonstrated to be a chiral spin liquid in our recent study [11] . We showed that there are two kinds of global constraints in addition to the local constraints: the surface and volume constraints, similar to the case of the hyperhoneycomb Kitaev model [9].
The constraints put restrictions on what kind of flux excitations are allowed, which have to be taken into account in the Monte Carlo simulation as the simultaneous flip of a pair of four-site loops [11] .
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